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What is the right price?

Nicolas Stevens — EURO 2022 3Example inspired from (Madani et al., 2018)
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• C is indivisible (all-or-nothing)

• Welfare optimum solution is to clear A, C and a 
fraction of D

• What is the right price?
• At 20€/MWh C is not willing to produce
• At 30€/MWh, B is not willing to consume

• Idea: Combine the uniform price with 
discriminatory payments (uplifts) to restore 
the proper incentives

• This let open the question of what is the right 
uniform price?90 100 190
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• Mapping of the different pricing schemes
• Main concepts related to Convex Hull Pricing (CHP)

• Algorithmic schemes to compute CHP: subgradient and Kelley’s algorithm
• Level stabilization
• Adaptation of the basic algorithm to CHP specificities

• Size of the EU day-ahead market problem
• Comparison of the Level Method and the Dantzig Wolfe algorithm on EU instances

• Comparison of the different pricing schemes results
• Properties of the pricing schemes
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Non-convex pricing schemes
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Non-convex pricing schemes
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• Convex Hull Pricing
• Hogan and Ring, 2003
• Uniform prices minimizing 

the side payments
• PRICES = Lag. multipliers of 

the Lagrangian relaxation
• This is a convex and non-

smooth problem with a 
first-order oracle
• Wang et al., 2013
• Andrianesis et al., 2021

DUAL approaches



Non-convex pricing schemes

Nicolas Stevens — EURO 2022 9

PRIMAL
Space

LAGRANGIAN DUAL 
Space

(A)
Primal (Non-Convex) 

Problem

(C)
Convex Hull of  the 

Primal Problem

(!)
Partial Lag. Relaxation 
(only MC constraints)

NO
N-
CO

NV
EX

Pr
ob

le
m

CO
NV

EX
Pr

ob
le

m
s

Strong duality

• Convex Hull Pricing
• Hogan and Ring, 2003
• Uniform prices minimizing 

the side payments
• PRICES = Lag. multipliers of 

the Lagrangian relaxation
• This is a convex and non-

smooth problem with a 
first-order oracle
• Wang et al., 2013
• Andrianesis et al., 2021

• In the primal space: solving 
this Lagrangian relaxation 
amounts to shaping the CH 
of the primal constraints

• Approach: develop tight —
BUT custom — formulation 
specific to the targeted 
problem
• Hua and R. Baldick, 2017
• Yu et al., 2020
• Álvarez et al., 2020
• Madani et al., 2018

PRIMAL approaches DUAL approaches



Non-convex pricing schemes
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Strong duality

Strong duality

• Convex Hull Pricing
• Hogan and Ring (2003)
• Uniform prices minimizing 

the side payments
• PRICES = Lag. multipliers of 

the Lagrangian relaxation
• This is a convex and non-

smooth problem with a 
first-order oracle
• Wang et al. (2013)
• Andrianesis et al. (2021)

• In the primal space: solving 
this Lagrangian relaxation 
amounts to shaping the CH 
of the primal constraints

• Approach: develop tight —
BUT custom — formulation 
specific to the targeted 
problem
• Hua and R. Baldick, 2017
• Yu et al., 2020
• Álvarez et al., 2020
• Madani et al., 2018

• Scalable approximation: in 
some cases = CHP

• Considered by PJM (PJM 
Interconnection, 2017)

PRIMAL approaches DUAL approaches



Convex Hull 
Pricing (CHP)

Non-convex pricing schemes
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Strong duality

Strong duality

IP pricing (“O’Neil pricing”)*: marginal pricing (with 
binary variable fixed) + side payments

1

2

Extended LMP 
(ELMP)

3

“PRIMAL 
approaches”

“DUAL 
approaches”

* O’Neill et al., 2005
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Strong duality

Strong duality

IP pricing (“O’Neil pricing”)*: marginal pricing (with 
binary variable fixed) + side payments

1

2

Extended LMP 
(ELMP)

3

FOCUS of our paper: develop a 
scalable algorithm for solving 

the Lagrangian relaxation

• Advantages of dual 
approaches: Generic (work 
for any generator model)
• US models
• Or EU model

• While a primal approach:
• Either is limited to an 

approximation of CHP
• Or need to write a 

new paper for each 
new market model

“PRIMAL 
approaches”

“DUAL 
approaches”

* O’Neill et al., 2005
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An example: the subgradient algorithm

Demand: [30, 40] MW Two-periods, 
single node

Toy example (Ruiz et al., 2012)

1. Given a price !!, "(!!) and %"(!!) are 
evaluated

2. Given this information, a new price !!"# is 
generated

3. If stopping criterion, stop. Otherwise, go to 1

GENERIC ALGORITHMIC SCHEME
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An example: the subgradient algorithm

Demand: [30, 40] MW Two-periods, 
single node

Toy example (Ruiz et al., 2012)
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1. Given a price !!, "(!!) and %"(!!) are 
evaluated

2. Given this information, a new price !!"# is 
generated

3. If stopping criterion, stop. Otherwise, go to 1

GENERIC ALGORITHMIC SCHEME

• Supgradient algorithm is memoryless
• Typical oscillation behavior
à In moderate dimension, such as for our CHP problem, there
are more optimistic algorithmic schemes

Nicolas Stevens — EURO 2022 15



The Kelley’s algorithm (Nesterov, 2004)

1 2 3 4 5 6 7
1

2

3

4

5

6

7

ρ 1

ρ
2

Lagrangian value funct ion and Kelley path

0

1

2

3
4
5

• Basis for the Level Method
• Based on the idea of iteratively constructing a model: the piecewise 

linear function ! " is upper-approximated at each iterate by a 
model function #!(", &) consisting of supporting hyperplanes

Model 
function

Master 
program

Update rule

Stopping 
criterion

• Oscillations already appear in low dimension
• Unstable in high dimension: adding a new 

supporting hyperplane can move the optimum 
far from the previous point

Nicolas Stevens — EURO 2022 16



The Level stabilization (Nesterov, 2004)

!(#)

#

%&

!&
'%& + 1 − ' !&

#! #!"#
Level set

Same Model 
function as Kelley

Same Master 
program as Kelley

NEW Update rule 
Projection prog.

Same Stopping 
criterion as Kelley

• The underlying idea of the Level Method is to update prices more smoothly
• Select the next iterate "#$% so that it is better than "# (as evaluated by 

#!(", &)), without being optimal at all costs 

! is the projection parameter
• ! = 1 : Kelley’s algorithm
• ! = 0 : the iterate does not move

Nicolas Stevens — EURO 2022 17



The Level Method stabilizes Kelley’s 
path — illustration on 2D example 
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Adaptation of the Level Method to the 
CHP specificities

Nicolas Stevens — EURO 2022 19

• Adaptations of the Level Method to the specifies of the Convex Hull Pricing problem
• Dualization of the network to include it explicitly in the master program
• Separability of the subproblems à multi-cut Level Method

• The Level Method implies a parameter &
• It is NOT a “heuristic”
• The Method is robust towards the exact value of &



• Mapping of the different pricing schemes
• Main concepts related to Convex Hull Pricing (CHP)

• Algorithmic schemes to compute CHP: subgradient and Kelley’s algorithm
• Level stabilization
• Adaptation of the basic algorithm to CHP specificities

• Size of the EU day-ahead market problem
• Comparison of the Level Method and the Dantzig Wolfe algorithm on EU instances

• Comparison of the different pricing schemes results
• Properties of the pricing schemes

Plan

Pricing Schemes

• Perspective for future research

CHP & the Level 
Method 

Numerical Results

Discussion

Conclusion

Nicolas Stevens — EURO 2022 20



Computing CHP in the European day-
ahead auction

• Euphemia is afforded 12 minutes of run time

• The market model includes a network of ∼ 40 bidding zones, 
and its geographic footprint is expected to be further enlarged

• The market model is expected to move towards 15-minute 
granularity by 2022 (a horizon of 96 periods)
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* (Nemo Committee, 2019)



Computing CHP in the European day-
ahead auction

• Euphemia is afforded 12 minutes of run time

• The market model includes a network of ∼ 40 bidding zones, 
and its geographic footprint is expected to be further enlarged

• The market model is expected to move towards 15-minute 
granularity by 2022 (a horizon of 96 periods)

• Tested on 2 sets of cases
• FERC data (11 instances, no network, >900 generators) (Krall et al. 2012)
• Central Europe data (6 times series, 2 different networks) (Aravena and Papavasiliou, 2016)

• The Level Method is benchmarked against a Dantzig-Wolfe algorithm (Andrianesis et al. 2021)

• Implemented in Julia (JuMP), Run on a personal computer (Intel Core i5, 2.6 GHz, 8 GB of 
RAM) , Gurobi 9.1.1, Stopping criterion: 0.01%
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Comparison of the Level Method and 
Dantzig-Wolfe algorithm
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Comparison of the Level Method and 
Dantzig-Wolfe algorithm
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The Level Method scale well with the dimension
Better than the D-W

1



Comparison of the Level Method and 
Dantzig-Wolfe algorithm
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On a test case of the EU-like dimension, the Level 
Method retrieve a solution in a reasonable time

2



Comparison of the Level Method and 
Dantzig-Wolfe algorithm
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Robustness: the Level Method reaches quickly good 
price candidates (valuable since clearing time limited 

to 12 min) 

3

It reaches acceptable 
solutions very quickly
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Comparison with other pricing schemes
Uplifts (LOC) magnitude
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Computing the exact Convex Hull Prices is 
worth compared to ELMP (the “scalable” 
approximation)

4

Furthermore, CHP has some more 
advantages and interesting properties…

(next slides)

(IP pricing)
(ELMP pricing)

(CHP pricing)

Disclaimer: I focus on the side payments understood as 
lost opportunity costs (LOC), but there are other metrics, 

and this is controversial…



Comparison with other pricing schemes
LOC split between network and suppliers
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Property 1 (IP LOC Network). A convex network model faces a zero Network LOC under IP pricing.

Property 2 (IP LOC Generators). A convex generator faces a zero generator LOC under IP pricing.

Property 3 (CHP Convex Uplifts). Under CHP, both convex generators and convex network can face a non-zero 
LOC (generator LOC or Network LOC).



Comparison with other pricing schemes
IP vs ELMP uplifts (LOC)
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Property 4 (ELMP vs IP Uplifts). Given a feasible primal solution, ELMP does not guarantee a lower LOC than IP 
pricing.



Comparison with other pricing schemes
Primal solution robustness
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Primal function
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Dual solution (zCHP*)

Property 5 (IP LOC Primal Sensitiveness). Under IP Pricing, the relationship
between the LOC and the optimality gap of the primal solution is not monotone:
the LOC does not necessarily grow with the optimality gap of the primal
solution.

Property 6 (CHP LOC Primal Sensitiveness). Under Convex Hull Pricing, the total
LOC grows monotonically with the optimality gap of the primal solution:

!() "&'(, *, +, , % − !() "&'(, *, +, , % = |0%∗ − 0*∗|
where *, +, , % and *, +, , * denote two primal feasible solutions and
!() ", [*, +, ,] denotes the lost opportunity costs associated to price " and
primal solution [*, +, ,].
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Conclusion
• The Level Method exhibits favorable empirical performances to solve
Convex Hull Pricing problem

• It is capable to compute Convex Hull Prices on large instances including
network and a horizon of 96 periods (which anticipates future EU DA market
evolution)

• Further promising paths of research:
1. Empirical research: Expanding tests on realistic instances of Euphemia

+ Examining the effects of non-uniform pricing on enhancing welfare
in the EU day-ahead market

2. Theoretical research: Further understand the properties of the
different pricing schemes
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Thank you!
Nicolas Stevens

nicolas.stevens@uclouvain.be
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